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Starting from Vand's ' third graphical method',  a general method has been developed for indexing 
powder photographs of low-symmetry crystals. If the crystal has at least monoclinic symmetry,  
after the identification of one edge of the conventional unit cell the indexing may be accomplished 
without trial, and there is no need for further reduction. Therefore the method is most advantageous 
in the monoclinic system, but it can also be used in other systems, where a later reduction may  be 
required. As an application of this method, the indexing of the powder photograph of Na2S203 is 
given. 

Introduct ion  

A general method for indexing powder photographs 
of low-symmetry  substances has been described by  
T. Ito (1949). This method is not al together satis- 
factory, the greatest diff icul ty being caused by missing 
reflexions on the powder photographs,  and i t  m a y  
happen  tha t  a great proportion of the lowest-index 
reflexions are just  among these unobserved. (System- 
atic absences for centred lattices are not considered 
missing.) This leads to the fact tha t  there are some 
points in the reciprocal latt ice to which no observable 
reflexions belong. Due to this lack of reflexions some 
latt ice points seem to be missing, and the latt ice 
criterion is not  s t r ic t ly  fulfilled. In  part icular ,  if some 
points are missing from the immedia te  v ic in i ty  of the 
origin then  the uni t  cell based on the first three 
reflexions is not necessarily pr imit ive  and does not 
correctly describe the reciprocal latt ice (Fig. 1). This, 
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Fig. 1. A two-dimensional example in order to show that, 

due to the missing reflexions, the unit cell based on the first 
two lines is not necessarily primitive. 

of course, does not  mean  tha t  in such cases the in- 
dexing by  the Ito method is impossible. 

Another  d isadvantage of I to 's  method  is i ts essen- 
t ial ly ten ta t ive  character,  and  again missing reflexions 
often make it  difficult  to f ind symmetr ica l  l ine pairs. 

The difficulties ment ioned above are brought  about  
by  the necessity of f ixing two edges of the uni t  cell 
init ially.  Vand (1948a)publ ished several methods for 
indexing powder photographs of long-spacing com- 
pounds;  in these methods  the ' long-spacing'  has been 
used for the reliable de terminat ion  of only one edge 
of the un i t  cell, to be denoted by c. Edge c having  
been determined,  we m a y  then  begin the problem of 
f inding the other two edges. In  the present  paper, 
i t  is shown tha t  the same method can be used also for 
substances which have no long spacing. Based on the 
spacing da ta  at our disposal, at  least one point  of 
type  001 can always be selected from the latt ice points  
near  the origin even if i t  is eventua l ly  found to be 
missing. (For a non-pr imit ive  latt ice this of course 
refers to a pr imi t ive  uni t  cell with the shortest edges.) 

Suppose for instance tha t  no observable line belongs 
to point  P (Fig. 1), but  those lines which belong to 
the points Q and  R or R and S occur among the re- 
flexions observed. Then 

3 ,  d ~ , 4 * =  ~dQ = ~dR d* .  

Thus, if we mul t ip ly  the measured values successively 
by  ~, ~,4 4~, . . .  and  compare with the original values, 
we can f ind coincident values in both sets, from which 
the lines of type  002, 003, 004 can readi ly  be selected 
and d* = d*01 m a y  be computed. 

This reconstruction of the missing points  is not  
absolutely necessary, for i t  leads only to a uni t  cell 
which is nearer  to the conventional  one; a l though 
this undoubted ly  makes  the indexing easy, neverthe-  
less the problem can still be solved by assigning the 
indices 001 to the first line appearing. 

Thus Vand 's  ' th i rd  graphical  method '  m a y  be used 
as a basis of a general method.  But  first it  is essential 
to see clearly the geometrical  in terpre ta t ion  of the 
mathemat ica l  formulae.  
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Descr ipt ion  of the m e t h o d  

We know tha t  

dh*k~ ~_ h2a,2 + k2b,2 + l~.c,2 _}_ 2hka*b*  cos 7" 
+2klb*c* cos a * + 2 h l a * c *  cos fl*, (1) 

where the symbols have the usual meaning. Introduc- 
ing the expressions 

1 
p = ~-~ (2ha* cos fl*+2/cb* cos 0¢*) , (2) 

1 
q = ~ (h2a*2+k2b*2+2hka*b * cos ~,*) (3) 

(1) can be reduced to the following form: 

(d*hkdC*)2--12 = pl  +q  . (4) 

If now, after assigning d0*0z = c*, we draw the values 
(d* / c* )~ - l  2 as a function of l; tha t  is we assign a set 
of points to each reflexion so tha t  the abscissae of the 
different points should be equal to 1 = 0, +1, +2, . . .  
and the ordinates of the same (d* / c* )~ - l  ~. Then ac- 
cording to equation (4) all the points belonging to 
identical h and k but  to different 1 lie on the same 
straight line. The slope of this line is p and it crosses 
the vertical axis at height q (p and q are independent 
o f  1.) 

This mathematical  transformation means geomet- 
rically tha t  by fixing the value of c* we choose a 
direction and thence a point-row in the three-dimen- 
sional reciprocal lattice (Fig. 2(a)). We consider the 
whole space-lattice constructed from such parallel 
point-rows. Along each point row h and k are constant; 
consequently in the above drawing different straight 
lines belong to each such point-row (Fig. 2(a) and (b)). 
The distance between the origin of the lattice and the 
point of the index 1 = 0 is equal c*]/q, and if we 
denote by ~ the angle between the vectors [001] and 
[hk0], then c o s ~ = p / 2 l / q .  If ~ = 9 0  ° , the line is 
horizontal. 

For  the application of this method it is important  
to note that ,  apart  from the symmetrically identical 
lines (one of such a pair is marked by the dotted line 
in Fig. 2(b)), many different straight lines belong to 
each point-row. For example, if we assign the index 
1 = 0 to the different points of a point-row (for 
example the A, B, C, D row in Fig. 2(a) and (b)) we 
obtain different straight lines. Amon 8 these lines w0 
should select the line with the smallest p and q. 

Based on the above facts the indexing process ig as 
follows. From the measured d~ .2 values (i represents a 
consecutive index) we t ry  to choose d~021. If d~ 2 is not 
too large we may suppose tha t  

d~ = d*0~ = ~*, (5) 

and, if this eventually does not correspond to the 
conventional unit  cell, the indexing can be accom- 
plished with a necessary subsequent reduction (De- 
launay, 1933). But  if d* is too large and therefore 
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:Fig. 2. The geometrical  in te rpre ta t ion  of equat ion  (4). (a) The 

representation of the space lattice by sets of point-rows. 
O B  = C*]/qB, cos(p = plfl2]/ql~. (b) The dif ferent  lines 
which can be assigned to the point-row A, B, C, D of (a). 

equation (5) is probably not valid, we search--by 
means of the method mentioned in the in t roduct ion--  
for a missing line to which the index 001 will be 
assigned. 

After this we draw the (d* /c* )~ - I  ~ values as a 
function of 1 and t ry  to connect some points with 
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Fig. 3. The construction of the graph. 

s t r a i g h t  l ines  o n  t h i s  g r a p h .  A t  th i s  s t a g e  w e  m a y  
r e s t r i c t  o u r s e l v e s  t o  t h e  l ines  c o n t a i n i n g  a p o i n t  o n  
t h e  c o l u m n  1 = 0. Th i s  s i m p l i f i c a t i o n  is j u s t i f i e d  for ,  
if w e  k n o w  o n l y  one  s t r a i g h t  l ine  of e a c h  p o i n t  r ow ,  
w e  c a n  c o n s t r u c t  t h e  o t h e r s  f r o m  i t  (Fig.  2(b)). I f  a 
l ine  does  n o t  c o n t a i n  a p o i n t  o n  t h e  c o l u m n  1 = 0 i t  
m e a n s  t h a t  t h e  i n d e x  1 = 0 b e l o n g s  t o  a m i s s i n g  re- 
f l ex ion .  H a v i n g  t h u s  o b t a i n e d  s e v e r a l  l ines  t h e  i n d i c e s  
h a n d  k c a n  be  d e t e r m i n e d  f r o m  p a n d  q. 

T h e  c o n s t r u c t i o n  of t h e  g r a p h  m a y  be  s imp l i f i ed  if 
we  p l o t  s in  2 0 i - I  2 s in  g 0001 i n s t e a d  of (d*/c*)2-1. W e  
p l o t  t h e  v a l u e s  of s in  2 0i o n  a s t r i p  of p a p e r  (on a 
sca le  s u c h  t h a t  0 ,0005 s h o u l d  be  g r e a t e r  t h a n  1 m m . )  
a n d  t r a n s f e r  t h e s e  t o  t h e  l ines  1 = 0, ± 1 ,  ± 2 , . . . ,  
w i t h  t h e  s t r i p  ze ro  d i s p l a c e d  in  a c c o r d a n c e  w i t h  

l 2 s in  2 0001 (Fig.  3). 

Example 
A p o w d e r  p h o t o g r a p h  h a s  b e e n  t a k e n  of Na2S20~, 
d e h y d r a t e d  o v e r  P205,  i n  a c a m e r a  of d i a m e t e r  

T a b l e  1. The powder data of Na2S203 

No. sin 2 0obs. sin s 0talc. hkl 
1 0.00830 0.00830 001 
2 0.01716 0.01728 011 
3 0.02354 0.02356 110 
4 0.02910 0.02903 111 
5 0.03316 0.03320 002 
6 0-03476 0-03473 i l l  
7 0.03595 0.03592 020 
8 0.04394 0.04422 021 
9 0.05060 0.05052 120 

10 0.05602 0.05597 12]" 
11 0.05840 0-05840 200 
12 0.06244 0.06280 112 
13 0.06910 0-06912 022 

T a b l e  1 

sin 2 0obs. 

O-07805 
0.08126 

0.08962 

0.09406 
0-09729 
0.10058 
0.1029 
0.1065 
0.1128 

0.1171 

0.1226 
0.1260 
0.1336 

0.1390 

0.1417 

0.1460 
0.1516 
0.1555 
0.1612 

0.1674 

0-1724 

0.1842 

0.1902 
0.1961 

0.2120 

0.2173 

0.2232 
0.2304 

0.2398 

0.2448 

0.2490 
O.2539 
0.2593 
0.2659 

0-2738 

0.2789 
0-2883 
0.2932 
0.3022 

0.3053 

0.3106 

0.3243 

0.3337 

0.3403 
0-3540 

0.3589 

0.3725 

0.3788 

(cont.) 

sin 2 0c~c. 

0.07802 
0.08138 
0.08942 
0.08973 
0.09432 
0.09692 
0.10087 
0.1030 
0.1066 
0.1120 

/ 0.1167 
[ 0-1179 

0.1229 
0.1250 
0-1338 

f 0.1389 
[ 0.1392 
] 0.1418 
[ 0-1418 

0"1450 
0"1520 
0"1555 
0"1616 
0.1673 
0.1671 
0.1678 
0-1719 
0-1838 
0.1842 
0.1845 
0.1907 
0.1968 
0.2122 
0-2120 
0.2176 
0.2168 
0.2168 
0-2230 
0.2310 
0.2391 
0.2396 

S 0.2445 
[ 0.2453 

0.2492 
0.2533 
0.2597 
0.2659 

f 0.2741 
[ 0.2733 

0.2780 
0.2883 
0.2939 
0-3025 
0.3052 
0.3053 
0.3057 

] 0-3100 
o.31o8 
0.3248 
0.3341 

[ 0.3343 
0.3405 
0.3549 

~ O.3589 
[ 0-3590 

0-3720 
0.3784 
0.3787 
0.3787 
0.3792 

hkl 

123 
211 
122 
113 
220 
22]- 
13] 
202 
131 
212 
123 
223 
133 
213 
123 
222 
230 
014 
23]" 
11~ 
041 
033 
133 
320 
32]" 
114 
12~ 
232 
321 
303 
312 
233 
330 
33]- 
322 
13~ 
11~ 
214 
233 
150 
134 
15] 
11~ 
23~ 
401 
243 
32~ 
403 
225 
152 
035 
243 
144 
153 
11~ 
31~ 
423 
33~ 
433 
431 
324 
253 
34~ 
22~ 
50]- 
351 
423 
503 
44] 
334 
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Fig. 4. The graph of the powder pattern of Na2S203. 
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114,6 mm. with Cu K a  radiat ion.  The d iameter  of 
the  specimen was 0,3 mm. The values of sin 9 0~ are 
given in the  second column of Table 1. The line 
d = 4.13/~ was very  broad in the powder photograph,  
probably  because i t  was composed of several unre- 
solved lines; a special photograph  was therefore t aken  
by  the  Bragg -Bren t ano  focusing method  in this region 
and  the  line was found to have  three components  
(lines 5, 6 and 7). 

The first line corresponds to a spacing d 1 = 8.56 A. 
We have looked for a line with a greater  spacing bu t  
none was found and therefore we have  supposed tha t  

s in2 0001 = sin2 01 = 0.00830. 

In  Fig. 4 the values of sin e 0i-12 sin e 0001 are shown 
plot ted against  1. For  the  sake of easier inspection 
consecutive indices are al lot ted only to those points 
which lie along the impor tan t  s t ra ight  lines containing 
a great  number  of points. I n  the figure three such 
s t ra ight  lines are found. 

A horizontal  line m a y  be d rawn across the  points 
13, 8, 7, 8, 13. I t  means t ha t  P7 = 0 (for the sake of 
simplicity the different lines are denoted by  the index 
belonging to its point  on 1 = 0). This condition can 
be fulfilled in vir tue of equat ion (2) only if h = 0 
and  c~* = 90 ° or k = 0 and  fl* = 90 ° . Let  us suppose 
therefore t ha t  the line going through point  7 corre- 
sponds to h = 0 and a*  = 90°; t ha t  is the unit  cell 
is a t  least monoclinic. As d 7 -- 4.06 /~, it is not  prob- 
able t h a t  k = 1 (d v 4: d010). Let  us suppose t ha t  k = 2 
and  we m a y  see a t  once t h a t  our supposition was right,  
for the  distance from the origin of the  horizontal  line 
crossing the  points 2 is a quar ter  of qT; consequently 
the indices h = 0, k = 1 belong to this s t ra ight  line. 
The crossing point  of this line and the  1 = 0 axis is 
denoted by I. This point  should belong to the missing 
010 reflexion. In  the same way, the line with indices 
h = 0, /c = 3 m a y  be recognized. 

Besides the above line the lines crossing the points 
39, 29, 16, 4, 3, 6, 12, 33, 43 and  23, 14, I0, 9, 26 are 
also clearly recognizable. I t  is str iking tha t  

P9 = P3 4 : 0  (6) 
and  

qp-q3 = q : - q i .  (7) 

Equa t ion  (6) means t h a t  

hpa* cos tS*+kDb* cos c~* = haa* cos fl*+k3b* cos c~*. 

I t  is evident  t ha t  this relat ion can be obeyed only if 
the  corresponding terms of both sides are equal;  
otherwise it  would mean  a restr ict ion of the  values 
of the latt ice parameters .  Now because cos a * - - 0 ,  
this does not  give any  condition for k bu t  postulates 
t h a t  h o = h a. As there is no line lying less steeply it  
is evident  t h a t  h 9 = ha = 1. 

Nex t  we tu rn  to the de terminat ion  of index k. F rom 
equat ion (7) and by the use of (3) 
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(h~-h~)a *~ + (k~-k~)b .2 + 2(h~kD-hal%)a*b* cos y* 

= ( h ~ - ~ ) a  .2 + (k~-k~)b .2 +2(hVkT-hik~)a*b* cos y*. 

The corresponding te rms of both sides must  be equal 
in this case too; consequent ly  

= = o ,  

and 
= = 4 - 1  = 3 ,  

and this m a y  be realized only if 1 % = 2 ,  ]c 3 =  1. 
Final ly  

(hpkp-hsk3) cos y* = (hTk~-hiki) cos 7",  

f rom which cos ~* = 0. 
Thus the  indices of the  two oblique parallel lines 

are (11/) and  (12l). We can construct  the  s t ra ight  line 
with the index (10/) also, bu t  no observable reflexions 
belong to i t ;  if there is a glide plane a, for the  (hO1) 
reflexions h mus t  be even. 

Of course we m a y  detect  several other  lines in the  
figure. To compute the  lat t ice pa ramete r s  these are 
not  needed, for the  uni t  cell has ~ -- ~ = 90 ° which 
simplifies the  m a t t e r  considerably. Nevertheless it  is 
worth  while drawing these lines in order to test  our 
deductions. Besides, it can be clearly seen tha t ,  for 
example  in the case of a monoc]inic uni t  cell, the  whole 
set of lines consists of smaller groups of parallel  lines. 
The distance between the  lines in each group varies 
according to the same rule;  t h a t  is, it  is proport ional  
to k 2, and within each group h is constant .  The indices 
of the  several lines are shown on the  r ight  side of 
Fig. 4. 

Hav ing  obtained the  indices, the latt ice pa ramete rs  
m a y  be readily computed.  The results are 

a = 6.43+0.02, b = 8.13±0.01, c = 8.54+0.02 A ,  
fl = 97.4±0.4 °. 

Besides the indices Table i contains the  measured 
and calculated values of sin e 0. 

The relat ively large error in the  lat t ice pa ramete rs  
is due to the considerable half-width of the  l ines - -  
about  0.5-0.6 ° . More precise values of the  lat t ice 
paramete rs  can be derived only from back-reflexion 
lines. 

I t  should be noted t h a t  the  indexing m a y  be per- 
formed even from less accura te  data .  In  the above 
example  AO ~. 0.05 °, which corresponds to an error 
of 0.0003-0.0009 in sin 9 0 for the  Bragg-angle range 
of 10 ° to 45 °. 

In  conclusion I express m y  sincere thanks  to Dr  
E. Sgndor whose valuable advice was of great  help 
to me. 

R e f e r e n c e s  

DELAUNAY, B. (1933). Z. Kristallogr. 84, 109. 
ITo, T. (1949). Nature, Lond. 169, 755. 
VAND, V. (1948a). Acta Cryst. 1, 109. 
VAN]), V. (1948b). Acta Cryst. 1, 290. 


